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Lesson 6 New Keynesian Model (1)

Nov. 19, 2020
OKANO, Eiji

Lessons 4 and 5 introduce Classical Monetary Model which is
benchmark of New Keynesian Model.

Lessons 6 and 7 discuss New Keynesian Model by assuming
monopolistical competitive market instead of perfect
competitive market.

By assuming monopolistical competitive market, firms can
choose their prices to maximize their profit.

The setting where firms choose their prices makes prices
sticky. As we saw, data implies that prices are sticky and we
introduce Calvo-pricing which makes prices sticky into the
model.

¢ Although Calvo-pricing is not microfunded itself, it is widely
used to analyze monetary policy because it makes model’s
prediction consistent with data easily.

14.1 The Model

Similar to classical monetary model, households live infinitely.
Firms act in monopolistical competitive market.

Distortion stemming from monopolistical power is dissolved
by taxation.

Prices change following Calvo-pricing.

14.2 Households

¢ Similar to Eq.(3.1), households preference is given by:

E,S BU(C,N,
O;‘ (€n) (14.1)

Although C, is consumption, different from classical monetary

model, C, is given by some index aslfollg\n/s:
o -1

CrE[f:Ct(j) dj}

(14.2)

where C(j) denotes amount of consumption on good j, e>1
denote the elasticity of substitution among goods.

¢ This index shows that there are goods on interval [0,1]
infinitely and each good are different depending on the
elasticity and sum of all of goods are 1.

That is, each good are slightly different but substitutable. e.g.,
blue car, sky-blue car, white car....

Eq.(14.2) is dubbed Dixit=Stiglitz aggregator or Constant
Elasticity of Substitution aggregator because of constant
elasticity of substitution.

This assumption is useful to replicate monopolistical
competitive market easily.

The higher the ¢, the higher the monopolistic power, and vice
versa.

€ is the inverse of the price elasticity.
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¢ Households’ budget constraint is given by:
1
JoRGC()di+Q,, (B ) <B AW, + TR, (14.3)

The LHS is the sum of nominal amount of consumption and
nominal pay-off of state contingent claim matured in next
period while the RHS is the sum of nominal payoff of state
contingent claim matured in current period, nominal wage
and nominal lamp-sum transfer.

¢ The lamp-sum transfer consists of dividend from ownership of
firms, tax and so fourth.

¢ Similar to classical monetary model, we impose the TVC

JLTCEG (BkQO,k) =0,

¢ Households have to think how many goods are purchased
because there are a number of goods.
* The, households face maximization problem as follows:
maxC,
(i)
s.t.

1
[ rlik.()ai=z,
where Z, denotes the nominal expenditure. This problem
implies that households maximize the purchased amount of
general good C,(i) by manipulating the amount subject to the
budget constraint.

¢ The Lagrangean is given by:

folq(j)%l dj]il +/\‘zl 7folp, (J)e, (j)dj}

L=

* The FONC is given by:

€

¢ This FONC can be rewritten as: .
i 1 NG S P N
)= [l el

1

4ﬂqﬁWFiMT

oL 1 o P = ) L 1
) f () df} U= =R () =ciC(j) - (14.4)
—0 * Eq.(14.4) is aplicable for any goodsj€[0,1] and we get:
. 2 nt (14.5)
R ())=cedi) -
¢ Dividing Eq.(14.4) by Eq.(14.5) yields: ¢ Thus, we get:
- 1 . —1 e
) A PG = rU)Tdr(/) c(i)-
)61 23 SR
t e
¢ By plugging this into Eq.(14.2), we have: S = S
PR :[fo X0) d/] r(j) c.(i) (14.6)
SN NA)) N e Let define:
=1/ |c(j)= d
- .
P z[flPl(j)H djr’f (14.7)
0
. IS S, oy where P, denotes the price index. Eq.(14.7) can be obtained
— 1C ( f)T A) di by solving maximization problem with Eq.(14.2).
I R)
t
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By dividing the both sides of Eq.(14.7) by —¢, we get:
VI e
IR0 d/}
Plugging this into Eq.(14.6) yields:
c.=P (/) i)

This equality is applicable for any goods /. Thus, we get the demand
schedule for good j as follows:

PN (14.8)
-2 ¢
t
Eq.(14.8) implies that the relatively higher the price of good j, the
relatively lower the demand for good j, and vice versa.

P =

t

Now, we consider the first term on the LHS in Eq.(14.3).

Plugging Eq.(14.8) into the first term on the LHS in Eq.(14.3)
yields:

[rcdi= [ p)dc,
S diFH P,

=R,

=PC

t-t

Plugging this into Eq.(14.3) yields:

PrCr +Ql‘,t‘+lEt (Br+1) < Br +VVrNr +TRr (14'9)
which is a budget constraint and is definitely same as it in
classical monetary model.

Assuming monopolistical competitive market makes the
model difficult to handle because of a number of goods at
glance. However, as long as the CES aggregator is adopted,
handling the model is not difficult but easy.

In fact, the FONCs for households are same as those in
classical monetary model.

Similar to classical monetary model, households maximize
Eq.(14.1) subject to Eq.(14.9).

The optimality conditions for households are given by:

o |ces B |1
U By| 1+,
U W,

U, R

Similar to classical monetary model, Q... =1/(1+1,) is
applied because stochastic discount factor equals to discount
rate on discount bonds.

Similar to classical monetary model, we assume Additively
Separable, namely U, =0 is applied.

For simplicity without loss of generality, we assume
U(C,,N,)=InC, —1/2N? similar to classical monetary model.
The, households optimality conditions are:

o AT P
RiCin) 1414 (14.10)

ne,
on (14.11)

Egs.(14.10) and (14.11) are definitely same as Egs.(3.12) and
(3.13), which are optimality conditions in classical monetary
model.

Similar to classical monetary model, we assume the steady
state in which the inflation is zero.

By log-linearizing Eq.(14.10) around the steady state, we have:
¢ =E(c )i +E(m,) (14.12)

which is same as Eq.(3.20).

Although we assume monopolistical competitive market

instead of perfect competitive market, aggregated households
behavior is not different.

That is, the building block of households is same as it in
classical monetary model.
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* Similar to classical monetary model, we assume the real
money demand function as follows:
M,
—E=Yi!
t
¢ By log-lineraizing this, we have: .
m, =P =Y. —77’} (14.13)

14.3 Firms

¢ Good jis produced by firmj € [0,1] having production function as
follows:

Y. (J)=AN.(J) (14.14)
where Y,(j) denotes the output of good jand N,(j) denotes the
employment toprodce good j. Eq.(14.14) implies that each firm j
has same productivity A,.

* The equilibrium condition in the labor market is given by:
1
"N ()=,
« Different from classical monetary model, we assume constant
return on scale for simplicity.
* The assumption is (almost) analogous to assuming a=0 in classical
monetary model.

14.3.1 Dynamics on Prices

¢ Firms act in monopolistical competitive market and choose
their prices to maximize their profit.

¢ Further, we assume Calvo-pricing. Under this setting, just
fraction 6 firms can choose optimal prices to maximize their
profit and fraction 1—6 firms cannot choose optimal price
and their prices remains in previous period.

¢ In this setting, (170)71 corresponds to the duration of price
revision.

¢ Lesson 4 introduces Taylor
(1999). Bils and Klenow
(2004), Nakamura and
Steinsson (2006) who
analyze the duration
empilically.

Fig. 13-1: The Duration of Price Revision
and the Price Stickiness

¢ We can know the price

stickiness from the price
stickiness ¢ .

* For example, Taylor (1999)
shows that the duration is
approximately 12 months
which corresponds to the
price stickiness is 0.75.

Fig. 13-1: The Duration of Price
Revision and the Price Stickiness

* Thatis, 25% of firms choose

optimal prices while 75%

firms’ prices remain.

¢ Calvo-pricing’s transitory equation is given by:
1
P =[0RL +(1-0)R [

¢ Log-linearizing this around the steady state where
II, =P, /P, =1 andP /P, =1 are applied yields:
P =0p._ +(1-0)p, (14.15)
¢ Eq.(14.15) shows that the price is sum of revised and non-
revised prices. When all firms choose optimal price, namely,
#=0 , Eq. (14.15) boilds down to p, = p, . That is, the price
corresponds to optimal price.
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¢ Subtracting p,_1 from the both sides of Eq.(14.15) yields:
7, =(1-0)(p,—p,) (14.16)
¢ Eq.(14.16) shows that inflation stems from the difference
between optimal price and previous price which is an average
of prices chosen by firms in previous period.

¢ That s, the higher the optimal price relatively, the higher the
inflation, and vice versa.

¢ What is behind firms’ decision on prices?

14.3.2 Optimal Price Setting

To maximize their profit, firms choose £, in each period.
The optimization problem facing firms is given by:

mﬁ?xiekEr {Qt,r+k {ﬁr ~t+k\r - \I}(Vwklr >”

where YHM = (P/ f+k) C,,denotes a demand for goods
under nommal rigidity.

The higher the optimal pnce , the lower the demand for
goods, and vice versa.

‘IJ(VHH,) is the (nominal) cost function.

¢ Firms’ profit is discounted by not only the stochastic discount
factor Q,, but also the price stickiness ) .

¢ This implies that firms choose their prices with calculating on
giving up to choosing optimal price.

¢ This can be understood by regarding ¢ as a probability of that
firms cannot their prices.

The FONC is given by:
£ ~
Z@ E tr+k[ Mct+k]Yz+klz
e—1

where MC}'is the nominal marginal cost.
€/(£—-1) is constant mark up over time.

(14.17)

Eq.(14.17) implies that firms choose their prices which equal
to net present value of nominal marginal cost with constant
mark up.

¢ When there is no price stickiness, namely, 3 =0, Eq.(14.17)
boilds down to: ~ .
p=—mc
-1
By ignoring constant mark up, we see that prices equal to the
nominal marginal cost, similar to classical monetary model.

* New Keynesian model assumes monopolistical competitive
market. Because of this, firms choose prices equal to the
nominal marginal cost with constant markup when there is no
price stickiness. Eq.(14.17) implies this fact.

By log-linearizing Eq.(14.17), we get:

ﬁ—P,l (1 9*9)2(9/3 ( r+k)+i t( z+k)(1418)

k=0
Rearranging Eq.(14. 18) yields:

= (179ﬂ)2(05>k E, (mcr+k +pr+k)
2(1_%);(%)k E,(mel..) (14.19)

EQ.(14.19) shows that firms choose prices equal to net present
value of the nominal marginal cost.
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Proof of Eq.(14.17)
¢ Firms’ optimization problem can be rewritten as:

gakEr {Qt,r+k I:EK‘F‘(“‘ - \Ij(ywkn )}}

J(B)° B
ZQth[P:] Ct - ;: Ct ]
A Al
+0Er Qt,t+1 P: a Cr+17\I} Cz+1
t+1 P
+02Ez Qt,t+2 lsr Pit Ct+2 - [Pt Cr+z +eee
t42 t42

= Qr,z [élicprcct - \I/(Isricptict }
+OE{ Q[P RGBT R}

+62Ez {Qr,r+z {‘E’tlﬁ’prirzcwz - \Ij(éifpfizct )}} +---
¢ The FONC of this is given by:
Q. [(1— €)BPC, — \P’(ﬁ‘t)(—s)é*’lafct]

+6E: {Qr,z+1 [(1 - ‘E)ﬁtieilczﬂ - lII,(YH»llt )(75‘),5;57135&(‘244]}

+92Et {Qr,r+z [(1 - E)ﬁrisptizcwz - \Ij,(ywzn)(_g)éisptizcwz }} T+

=0

= 1
* Multiplying P, T on the both sides of this yields:

~|P B 15 1o P -
WlR\p| G Y (Yt.t)[;: ¢
(B N
+9Ez Qt t+1 R[Pt 1 \I},( t+1|r) F‘ C:+1
t+1 t
(B £ A
+92Er Qt,t+2 R[?; Cr+z 1@/( H»th) ;i] Cr+z
=0

¢ This can be rewritten as:

YT

- £ . B
+9Er Qr,r+1 [P; _;\P/(Ytuh‘)][ﬁ] Cr+1
t+1
2 5 3 1o ‘5, B
+6 E, Qt,z+2 F‘:—;\I’ (Yr+2|z) a Cr+2 +e
=0

+ Because U'(Y, ,, ) is the nominal marginal cost, we plug
Mmc;, = ‘P/(yﬁk“) into this and we get:

ot,’[éf = Mc:][ﬂ] c
. 1

£— P,

t

e V(B
+()Ez Qr,z—l [RfiMCzﬂ] #] Cr—l
e—1 Pr+1
_ B
‘H)ZE: Qr,r-z [Pr*LMCr"z]{it Cuz +e
e-1 Pr+z
=0

¢ By using summation symbol, this can be rewritten as

= = € ” B
Z ngt Qt,t+k [Pt - Mcr+k ] : Ct+k 0
k=0 e—1 Pk

which equals to Eq.(14.17) obviously.

QED
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Proof of Eq.(14.18)

¢ The stochastic discount factor from period t to period t+k is
discount rate of the bond purchased in period t and matured
in period t+k. Thus, we have:

Qz,r+k =0 —"=

P C

t+k —t+k

(14.20)

¢ Pluging Eq.(14.20) into Eq.(14.17) yields:

P, 77MC
ka; Pt+kCt+k[ e_1 t+k] kit
~ C ~ 5 e
Pr 77Mct+k kit + GBE Pr 77Mcr+1 t+1t
€— t+1 41 e-1
PC, (=
+(08)E,|— [P 7—MCH2]YM‘, 4o
t+2-t+2 -1

=0

 Dividing the both sides of this equality byP,C, yields:

(Prcr> [PiﬁMCl‘H(] tHklE

+6E,

—1
(t+1 r+1) [Pt e Mct+1] I

+(6ﬁ) (Pt+zcr+z) [Pt e IMCr+z]Yt+z\r +ee
=Z(9ﬂ) E (Pt+kcz+k) [P _7Mcr+k]yr+klt
k=0 e—1

Here, (P,C,)* can be regarded as marginal utility of nominal
consumption.

¢ Multiplying P,/ P, and dividing the nominal marginal cost
by the price . This yields:

- P[P P
C;1K+klt el e S 7tMCt
Pr sz1 5_1’% 1
P[P e P
+6BE,|C LY, g - ———EMC, 1]
t+ r+r » P 57151 t+
P[P e P
+(08 e Py |V (o | RS
( ) t+z z+z\r P¢+z Pr L 1 R . t+2
=0

e Then:

- (09)'E

k=0

P

P, €

SN PRI, | | MC ]

r+k r+k\r -1tk t+1
P{+k [Pt—l e—1

=0

whereMCr =MC; /Pr denotes the real marginal cost with
e =P /Pa

¢ This can be rewritten as:

_ P[P P
qW,.ﬁ—*[—'*—g —‘Mcf]
R\Py e-1R,
- P P[P e PP
+€ﬁE r+1 r+1|r e fil_ t MC:+1
PP Ry c-1P, P
. P, P P,P P P.,P
(Hﬂ) r+zYt+z\r - = [4_ J e MCH»Z
Pr+2 Pr+1 Pr Prf1 6_1"::7 P Rurl

=0

4.
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* Further:
C:1ﬁ|rH;l[xt 7LHcht]
e—1

+05,

10 - “1| o 13
Ct+1lyt+1|th+11Ht ! [Xt - ;HtHH»lMCHrl]

+(08)E,
=0
withX, =P /P_,.

42

L~ PR e
Cz+12Yr+z|sz+12Hr+11Hr ! [Xr 7;Hrnz+1n Mcr+z]

¢ Further:

17 19 3 15
Ct 1Yzerr 1Xr 7;Ct 1Yz+kIzMCr

+HOBE,

C:lﬁJrler;rllH:l;(r 7LC71 V MC,

t+17 1t t+1
e—1

+(08)°E,

=0

1y _ _ 10 & 15
CrJrlez+z\rHr4rle::1Ht 1Xr 7;C 5, McC

t+2" t2lt t+2

+...

¢ By moving the terms related to the marginal cost to the RHS ¢ Rearanging this yields:
yields: B ~
C YL X,
~ ~ —1y p 10
+‘9ﬂEt (Ct:rllytﬂ\rH:lH;lXt) 76 Cr YHkIrMCt +9#3<CH1YH1"MCH1)
L (G et e 1D . e=14(08)(C AV, MC, )+
+(0»‘3) Er (Cr+12Yr+2|rHr+12Hz+11Hz lxr)+"' Xt :Er ( ) ( 2 ek Hz)
1 s ¢, It
o [CTVuMC + 05 (C LY,y MC, ) Ce
=— 7 - +06(C, LY, I LI
-1 +(6/8)2E!(C;12y1’+2|!MCt+2)+"' ﬂ( T )
2 —1.\7 — — —
+(0ﬂ) (Ct:erﬂnHr:sz:lHr 1)+"'
¢ Further: * Totally differentiating this and plugging the steady state value
yields:
-1
L o o (—1)CH(MC)|1+08+(03)" +---
Cr 1Yt+k|tMCt Ct 1Yr|er ! d)?t = _& [ . } dCt
S L~ PR e—1 2, et
X = € E +H/j(cr+11yr+1|tMCt+1) +9/ﬁ(ct+1lyt+lltnt+11Htl) +(MC)[1+0ﬁ+(0ﬂ) + } C
Tt 20 15 2/ 1 11— 1
e-1 +(66) (CH»lZYtJerMCPrZ) +(0ﬂ) (Cz+1zyr+2|th:zHr+11Hzl> c Cil(MC>[1+Hﬂ+(0ﬂ>z+---]
4. 4 +z , g
~(MC)[1+08+(88) +-| ¢
—1
+L1{[1+0ﬂ+(05)2+-»-} }dMQ
c—
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dEt (Ct+1)

. 49/3( e (Mc)[1+ 08+(68) +-- .]’1
e—1

+H(MO)[1+05+(08) +-| "65c

. |osc (mo)a+o5+(05) +-
— dE,(

+7
~(MC)[1+05+(08) +| " 0pC

+i66[1+9/3+(0ﬂ)2 +--~]71dEt (mc,.,)

+7
e—1

o |(@87 (~1)c (MO +05+(08) +-]
l+(/vlc)[1+(9ﬁ+(6ﬁ)2 +~~]71(0ﬂ)2(3’1
El(eﬂ)zc1(Mc)[1+9ﬂ+(0ﬁ)z+-»-}1 }dE(

S (MO)1+05+(05) +--| (697 C

+i(9ﬂ)z[1+aﬂ+(96)z ] dE (MC,.,)

1408+ (08) +---Ja,
-1 +[9ﬂ+(95)2+(66)3"'}Et(nt+l)

+(08) +(08) +(68)" . (11...)

+%(MC)[1 +08+(08) +-+

* Further:
5 . ,  1|dMC, +08dE,(MC,.,)
oX, =——[1+ 08+ (08 +-- ‘,
e—1 +(08)" dE,(MC,.,)+---
[L+08+(08) +--dII,
+=S(MC )1+ 05+ (68) +--] +op OO0 e )
Eg—
0 ,|1+06+ dE (I
E
+( 6) (Hﬂ)z—&-m r( r+z)

dMC, +0BdE (MC,,., )

dX, —=—= 1408+ (08 +--|

== (MC){dL, +05dE, (11, )+ (65 e, (11 ) +-)

¢ Now we think on:
1408+ (08) +-- (14.21)
* Multiplying@/3 on the both sides of Eq.(14.21) yields:
J=1+08+(08) +--
¢ Subtracting this from Eq.(14.21) yields:
681 =08+(06) +(08) +--
* Because J is defined by Eq.(14.21) and we have 1(1_0[3) =1
Then:

14+084+(03) +- =——— (14.22)
+0B8+(08)° + P
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EQ.(14.17) implies that following is appllied in the steady state:
MC:{ 2 ]1 (14.23)

Eq.(14.23) implies that the realmarginal cost equals to the inverse

of constant markup in the steady state.

By using Egs.(14.22) and (14.23) ,we can be rewritten Eq.(14.17),

log-linearized FONC for firms as follows:

B —p ., =(1— 95)2( 3)°E, (me, . +E (08)°€, (7, )

where we use V, = dV /V and X, =p, — pH . This is obviously
equal to Eq.(14. 18)

Proof of Eq.(14.19)

¢ Here, we thin the second term on the RHS in Eq.(14.18 ). The
second term on the RHS in Eq.(14.18) can be rewritten as:

Z(eﬂ) ( t+k) W¢+96Et(ﬂ'z+1) (06) ( t+1)+ o

=p,—p,, +0BE(p...)—08p,

+(08) €. (prsa) —(08) Ec(peia) +-
=—p_,+(1-08)p, +08(1—0B)E,(p..,)
+H(08) (1-0B)E, (P )+

QED +108) P, +05E, (P, )
—Pes - 2
+(6ﬁ) Et (pr+z ) +o
* Then, we get: ¢ (14.18)can be rewritten as differential equation as follows:
0 _ 1 0 > ﬁz — P =9ﬂEt(ﬁr+1 _p¢)+(1_9ﬁ)mcr +7rt (14-24)
Z( ) E (M) =Py +(1-08 ; (Pe) « Plugging Eq. (14.15) into Eq.(14.24) yields:
. Plugglng this into Eq.(14.18) yields: n, = BEr( Hl)+ch (14.25)
(1 93)2(03) (ITIC +p ) WhereKE(l—ﬁ)(l—ﬁB)/ﬁ
‘= tH tHk * kis the slope of the NKPC. The higher the price stickiness 3, the
x lower the slope and vice versa.
= (1705)2(66) E (mcr+k)
k=0
which equals to Eq.(14.19) obviously.
QED
Proof of Eq.(14.24)
¢ Solving Eq.(14.25) forward yLeIds: ¢ Rewrite Eq.(14.18) as follows:
. Ak
m=ry B (mc.,) B, — P, =(1—0B3)E [mc +08mc,,, +(08)" me,., +- }
k=0 (14.26)

Eq.(14.26) shows that the inflation is netpresent value of
percentage deviation of marginal cost from its steady state value.
When the marginal cost exceeds its steady state value, namely, the
inverse of constant markup 5/(5 — 1) , inflation rises and vice versa.

+E, [, + 00, +(08) 7., + }

=(1-68)mc, +m, +(1—-68 ZX:
k=1

+§(0ﬁ)k E (M)

MCyy) (14.26)

10
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* Forwarding this one period yields:

Ez (ﬁtu 7pr): (179}3)& [mcrﬂ +9ﬁmcr+z +(95)2 mc, 5 +]

* Multiplying 96 on the both sides of this yields:
06Et(ﬁt+1 —pt)=(l—l76)z(l93) E mcuk z 06) E r+k
=

+E, |7, +00T,, + (9[1) Ty + } * Plugging this into Eq.(14.26) yields:
1-068_1,, B —p=(1—08)mc, +m, + 06, (., —p,)
- WE‘ [decm +(08) e, +(05) me, 5 +- } which s Eq.(14.24) itself. e
1 2 QED
+%Er [05771+1 + (95) Teta ( 5) T T }
1-608 & 1 &
=7Z(0ﬁ> t t+k) 72 Hﬂ t t+k)
08 = 03°=
Proof of Eq.(14.25) Proof of (14.26)
* Plugging Eq. (14.15) into Eq.(14.24) yields: * Rewrite Eq.(14.26) as follows:
08 =xS 64
ﬁﬂ'f =m, +(1-68)mc, +§E‘ (7r,+1) T "”;ﬁ E (mcr+k)
which can be rewritten as: = rkmc, +r0E, (mcr+1)+ “ﬁzEr (mcr+2)+ o
™, = BE, (Trr+1 ) +Kme,
« This s Eq.(14.25) itself. =hrme, J””Zﬂ E(me..) (14.27)

QED

* By leading Eq.(14.27) one perlod and multiplying 8 yields:
BE, (71 ) = KB, (mc,,, )+ KB, (me,,, )+ KB, (mc, )+

= K’ZEt (mct+k)
k=1

¢ Plugging this into Eq.(14.27) yields:
m, = [, (7Tr+1)+ Kmc,
which is Eq.(14.25) itself. Thus, Eq. (14.26) can be derived from Eq.
(14.25).
QED
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